Abstract. Using S 1 -equivariant symplectic homology, in particular its mean Euler characteristic, of the natural filling of links of Brieskorn-Pham polynomials, we prove the existence of infinitely many inequivalent contact structures on various manifolds, including in dimension 5 the k-fold connected sums of S 2 × S 3 and certain rational homology spheres. We then apply our result to show that on these manifolds the moduli space of classes of positive Sasakian structures has infinitely many components. We also apply our results to give lower bounds on the number of components of the moduli space of Sasaki-Einstein metrics on certain homotopy spheres. Finally a new family of Sasaki-Einstein metrics of real dimension 20 on S 5 is exhibited.
Introduction
Brieskorn manifolds have played an important role in the development of both Sasakian geometry and contact topology. On the one hand they provide examples of Sasaki-Einstein metrics as well as Sasaki metrics of positive Ricci curvature on many manifolds, in particular on spheres including exotic ones [BGN03, BG06, BGK05, BG08] . On the other hand they provide examples of distinct contact structures with the same classical invariants [Ust99, vK05, vK08, KvK13, Fau15, Ueb15] .
The purpose of this note is to use the S 1 -equivariant symplectic homology (in particular, the mean Euler characteristic) of Liouville fillings of Brieskorn manifolds to obtain connectivity results about certain moduli spaces of Sasakian structures. Kwon and van Koert [KvK13] have shown that every rational number can be realized as the mean Euler characteristic of some contact structure on the 5-sphere S 5 . Since the mean Euler characteristic is a contact invariant, this implies that there are infinitely many distinct contact structures on S 5 . However, Date: June 30, 2015. The first author was partially supported by a grant (#245002) from the Simons Foundation. The second author was partially supported by CNPq, Brazil. The third author was supported by a stipend from the Humboldt foundation. not all of these admit a compatible Sasaki metric, but there are infinitely many that do, namely those coming from the Brieskorn manifold with exponents (2, 2, p, q) where p, q are relatively prime positive integers. Indeed, these all have positive Sasakian structures. Thus, the moduli space of deformation classes of positive Sasakian structures on S 5 has infinitely many components. On the other hand, Kollár [Kol05] has shown that certain 5-dimensional rational homology spheres have precisely one component of the moduli space of deformation classes of positive Sasakian structures. In fact, many five dimensional rational homology spheres do not carry a positive Sasakian structure at all, although they can admit other Sasakian structures.
In Section 2 we define the moduli space M We first consider dimension 5 where we employ Smale's classification and notation [Sma62] of simply connected spin manifolds (note that a simply connected 5-manifold admitting contact structures with c 1 (D) = 0 must be spin). Here M k denotes the rational homology 5-sphere with H 2 (M k , Z) ≈ Z k ⊕ Z k , lM k denotes the l-fold connected sum of M k , and k(S 2 ×S 3 ) denotes the k-fold connected sum of S 2 × S 3 . We now describe our main results:
Theorem 1.1. For each k = 1, 2, . . . we have |π 0 (M c +,0 (k(S 2 ×S 3 )))| = ℵ 0 . Moreover, each component belongs to a distinct contact structure, so there are infinitely many inequivalent contact structures of positive Sasaki type with vanishing first Chern class on k(S 2 ×S 3 ) for each such k.
While, as mentioned above, for certain rational homology spheres M, M c +,0 (M) has precisely one component, on the other hand we have Theorem 1.2. For the rational homology 5-spheres inequivalent contact structures of positive Sasaki type. For a complete discussion of Kollár's results on positive Sasakian structures in dimension 5 we refer to 10.2.1 of [BG08] as well as the original paper [Kol05] . Further results can also be found in [BN10] . However, these results are beyond the scope of the present paper in that they do not arise from BP polynomials. A classification of positive Sasakian structures on 5-manifolds represented by BP polynomials is found in the tables of Appendix B.4 of [BG08] .
For dimension one mod 4 and larger than 5 we consider the manifolds
where Σ 4n+1 is a generator of the group bP 4n+2 of exotic spheres that bound parallelizable manifolds of dimension 4n + 2, and T is the unit tangent sphere bundle over S 2n+1 . We remark that bP 4n+2 is the identity for n = 1, 3, 7, 15 and it is Z 2 when 4n + 2 = 2 i − 2 for i ≥ 3, otherwise it is unknown. It is shown in [BG06] that these manifolds admit positive Sasaki metrics. Concerning their moduli we now have We now want to consider BP links which admit Sasaki-Einstein metrics on homotopy spheres. (For convenience we exclude the standard round sphere from any discussion in this paper. Thus, all contact structures on spheres considered here are exotic.) However, owing to the lack of a completeness theorem a la Kodaira-Spencer in the weighted polynomial case, we only obtain definitive results for the subspace of Sasaki-Einstein metrics that are represented by distinct weighted homogeneous polynomials M W HSE ⊂ M SE . (See the discussion on pages 177-178 of [BG08] ). See also Chapter 11 of [BG08] and references therein. The homotopy spheres we consider here are S 5 , S 7 , S 9 . In particular, we obtain lower bounds on the number of components of the local moduli space M SE of each diffeomorphism type. It is unknown whether the number of components of M W HSE is actually finite, but only finitely many are known on a homotopy sphere of any dimension. The 5-sphere S 5 has a unique diffeomorphism type and until now there were 81 known families of SE metrics, not including the standard round sphere, given by 80 families established in [BGK05, GK07] Of the 6 pairs of elements of M W HSE whose contact structures cannot be distinquished, one has both members with zero dimensional moduli and one has both members with 2 real dimensional moduli. The remaining four cases consist of a pair of elements of M W HSE with real dimensions two and six, two and zero, eight and zero, and zero and four, respectively. The elements of a pair probably belong to distinct components of M SE , but we do not have a proof of this at this time. On the other hand there is no reason to believe one way or the other whether they belong to distinct elements of M c +,0 (S 5 ) or not. In the case of homotopy S 7 s and S 9 s, we do not determine the dimension of the various components, although in principle it can be done with a computer program. Our results for the homotopy 7-spheres are given in Section 5.4 below where we have a table from which lower bounds for |π 0 (M SE (Σ 7 ))| for each of the 28 homotopy Σ 7 s can be easily obtained. For homotopy S 9 s we have Theorem 1.5. For the standard diffeomorphism type on S 9 we have |π 0 (M SE (S 9 ))| ≥ 983 and for the exotic Σ 9 we have |π 0 (M SE (Σ 9 ))| ≥ 494. Moreover, the components belong to distinct components of M The bounds obtained in this theorem as well as in dimension 7 are probably far from sharp. In fact, for general dimensions it is not known whether |π 0 (M SE (Σ 2n+1 ))| is finite or not. However, the methods used so far only give rise to finitely many components, albeit with double exponential growth with dimension (see Section 6).
It is known from Ustilovsky [Ust99] that for all homotopy spheres Σ 4n+1 that bound a parallelizable manifold in dimension one mod four, we have |π 0 (M c +,0 (Σ 4n+1 ))| = ℵ 0 . This result has been recovered by using symplectic homology in [Gut14, Gut15] and one can use the formulae for symplectic homology in [KvK13] to also obtain the result. However, none of these components are known to admit SE metrics with the exception of the BP link L(2, 2, 2, 3). See Remark 3.14 below. That |π 0 (M c +,0 (Σ 4n+3 ))| = ℵ 0 was obtained in 9.5.10 in [BG08] using the classical invariant of Morita [Mor75, Sat77] , where Σ 4n+3 denotes a homotopy sphere in bP 4n+4 .
Finally, in Section 6 we show that the number of components of M SE (S 4n+1 ) grows doubly exponentially with dimension.
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Deformation Classes of Sasakian Structures
First a warning concerning notational conventions. In Sasakian geometry ξ is the Reeb vector field, and the contact bundle is usually denoted by D; whereas in contact topology ξ denotes the contact bundle. Here to avoid confusion we do not use ξ for either the Reeb field or the contact bundle. The Reeb field of a contact form η can be R η or simply R when there is no possibility of confusion. Note that the contact structure D of any link of a weighted homogeneous polynomial (whp) must have c 1 (D) = 0.
Recall (cf. Chapters 6 and 7 of [BG08] ) that a Sasakian structure is a contact metric structure with certain nice properties. A contact metric structure on an oriented manifold M is a quadruple (R, η, Φ, g) where η is a contact 1-form, R its Reeb vector field, Φ a section of the endomorphism bundle End(M) satisfying ΦR = 0, Φ• Φ = −1l + R ⊗η, and g is a compatible Riemannian metric. Here compatible means
holds for all vector fields X, Y . With contact structure D = ker η we see that Φ| D = J is an almost complex structure on D. Thus, the pair (D, J) is a strictly pseudoconvex almost CR structure on M since dη • (Φ ⊗ 1l) gives the vector bundle D a positive definite metric such that g = dη • (Φ ⊗ 1l) + η ⊗ η is a Riemannian metric on M. The quadruple S = (R, η, Φ, g) is a Sasakian structure if (D, J) is a CR structure, that is, J is integrable, and R is a Killing vector field, that is, £ R g = 0. Note that this last condition is equivalent to £ R Φ = 0, which means that R is a infinitesimal CR transformation. Alternatively, a contact metric structure S = (R, η, Φ, g) is Sasakian if the metric cone (C(M) = M × R + ,ḡ = dr 2 + r 2 g) is Kähler with Kähler form d(r 2 η). The complex structure I on C(M) satisfies
where X is a vector field on M and Ψ = r∂ r is the Liouville vector field. Definition 2.6. A contact structure D is said to be of Sasaki type if there exists a Sasakian structure S = (R, η, Φ, g) such that D = ker η.
The Reeb vector field R of a contact 1-form η defines a 1-dimensional foliation F R and when the contact metric structure S = (R, η, Φ, g) is Sasakian, the transverse geometry of the foliation F R is Kählerian; hence, F R is a Riemannian foliation. So a Sasakian structure fixes a transverse holomorphic structureJ on the normal bundle ν(F R ) to the foliation F R such that the diagram (1)
Given a closed oriented smooth manifold M, we denote by F(M) the space of all Sasakian structures on M and give it the induced topology as sections of vector bundles. We denote by F(M, R,J) the subset of Sasakian structures with Reeb vector field R, with transverse holomorphic structureJ, and the same complex structure on the cone C(M). We give F(M, R,J) the subspace topology. A Sasakian structure chooses a preferred basic cohomology class [dη] B ∈ H 1,1 B (F R ), and if
So by the transverse ∂∂ lemma [EKA90] there is a basic function φ, unique up to a constant, such that dη ′ = dη +i∂ B∂B φ. Furthermore, since the complex structure on the cone remains the same
, so we can identify F(M, R,J) with the contractible space
. For each such φ we have a Sasakian structure This deforms the contact structure as well, sending D → D φ = ker η φ . Of course, these give an isotopy of equivalent contact structures by Gray's Theorem. The space F(M, R,J) described above is clearly infinite dimensional, so we want to factor this part out to get a finite dimensional moduli space. So we consider the identification space F(M)/F(M, R,J). It is a pre-moduli space of Sasaki classes which we denote by PM The diffeomorphism group Diff(M) acts on We recall the type of a Sasakian structure [BG08] .
Definition 2.7. A Sasakian structure S = (R, η, Φ, g) is positive (negative) if the basic first Chern class c 1 (F R ) is represented by a positive (negative) definite (1, 1)-form. It is null if c 1 (F R ) = 0, and indefinite if c 1 (F R ) is otherwise.
Here we are interested in positive Sasakian structures with c 1 (D) = 0. Generally, the type can change within a component of M c S (M) as indicated in [BP14] and is being studied further in [BTF15] ; however, it follows from Corollary 7.5.26 of [BG08] that type change cannot occur within a component when c 1 (D) = 0 or more generally a torsion class.
We wish to consider deformations of the Sasaki classes by deforming the transverse holomorphic structure where a good deformation theory exists (cf. Section 8.2.1 of [BG08] ). However, unlike Kählerian geometry, such deformations generally do not remain Sasakian [Noz14] . 
Brieskorn Manifolds and Sasakian Geometry
Here we give a brief review of weighted homogeneous hypersurfaces in C n+1 and their links. See Section 4.6 and Chapter 9 of [BG08] for full details. First we define a weighted C * action on C n+1 by
where λ ∈ C * and which we denote by C * (w) where
n+1 is the weight vector and the monomial z i is said to have weight w i . This induces an action of C * (w) on the space of polynomials C[z 0 , . . . , z n ] whose eigenspaces are weighted homogeneous polynomials of degree d defined by
We want to make two assumptions about f . First, f should have only an isolated singularity at the origin in C n+1 , and second, f does not contain monomials of the form z i for any i = 0, . . . , n. This last condition eliminates the standard constant curvature metric sphere.
The zero locus of f is referred to as a hypersurface singularity and denoted by C f . The link is defined by intersecting the zero locus of f with unit sphere in C n+1 , namely
It follows from the Milnor Fibration Theorem that L(a) is (n − 2)-connected. It was realized in the mid 70's that links of weighted homogeneous polynomials are a good source of contact manifolds [AE75, LM76, SH76] . Furthermore, they have a natural Sasakian structure [Abe77, Tak78] . Hence, Theorem 3.8. Links of weighted homogeneous polynomials admit contact structures of Sasaki type.
In fact a link L * (w, d) has a natural Sasakian structure S w = (R w , η w , Φ w , g w ) which is simply the restriction of the weighted Sasakian on the sphere S 2n+1 with Reeb vector field R w = j w j H j where
Of special interest to us are the Brieskorn-Pham polynomials which are polynomials of the form
Here the exponent vector a = (a 0 , a 1 , . . . , a n ) ∈ (Z + ) n+1 is related to the weights by a i w i = d for all i = 0 · · · , n. In this case we write the link as
and refer to it as a Brieskorn manifold. We also require that a j ≥ 2 since a linear term in the polynomial gives rise to the standard sphere with its standard contact structure.
Note that the quotient of L * (w, d) by the weighted circle action
We denote by Θ Z the sheaf of germs of holomorphic vector fields on Z.
Lemma 3.9. Let L * (w, d) be the link of a weighted hypersurface singularity of degree d with n ≥ 3, weight vector w, and with an isolated singularity at the origin. Let S w be the naturally induced Sasakian structure on L * (w, d).
(1) Then any deformation of the transverse holomorphic structure of S w remains Sasakian. (2) Moreover, if S w is positive, the deformation remains positive.
for all but one of the weights and
Proof. Since a link L * (w, d) with n ≥ 3 is simply connected, (1) follows from [Noz14] . For (2) Proposition 9.2.4 of [BG08] implies that c 1 (D w ) = 0 and then Corollary 7.5.26 of [BG08] implies that type change cannot occur which implies (2). To prove (3) we note that Proposition 37 and Remark 38 of [BGK05] implies that the group of automorphisms is discrete hypersurface. It is well known that a Sasaki class that can be represented as a weighted homogeneous hypersurface (or more generally a complete intersection) must have c 1 (D) = 0 and whose type is either positive, negative, or null. It is also known that being represented by a weighted homogeneous hypersurfaces places topological restrictions on M. For example, such an (2n + 1)-manifold must be n − 1 connected.
Here we are interested only in those of positive type. Similarly M W HSE (M) denotes the subset of M SE (M) that can be represented by a weighted homogeneous hypersurface. However, we need to exclude the standard contact structure D 0 on the sphere S 2n+1 . So when M = S 2n+1 an element of M W HSE (M) corresponds to an exotic contact structure.
The problem of giving sufficient numerical conditions for the existence of Sasaki-Einstein (Kähler-Einstein orbifold) metrics has been well studied. Generally there are no known numerical conditions which are both necessary and sufficient. Here we give sufficient conditions for Brieskorn manifolds. 
where
Proof. The proof of the first condition is given in [BGK05] while that of the second is given for n = 3 in [BN10] . The extension of the latter to arbitrary n is straightforward.
In the special case when the components of a are pairwise relatively prime Ghigi and Kollár [GK07] have given a better estimate. Indeed owing to the Lichnerowicz bound obtained by Gauntlett, Martelli, Sparks, and Yau [GMSY07] this bound is sharp.
Theorem 3.11. Let L(a) be the link of a Brieskorn hypersurface. Assume further that the components a 0 , · · · , a n of a are pairwise relatively prime. Then L(a) admits a Sasaki-Einstein metric if and only if 
Remark 3.14. It is interesting to note that until recently all known examples of Brieskorn manifolds L(a) that admit a Sasaki-Einstein metric with the exception of a quadric have at most one exponent equal to 2. However, there was a controversy concerning the link L(2, 2, 2, 3). This does not appear on the list of cohomogeneity one Sasaki-Einstein manifolds given in [Con07] implying that it does not admit an SE metric. On the other hand in a recent paper Li and Sun [LS14] claim that it does. This controversy has been recently resolved by Chi Li [Li15] Proof. One easily checks that the second estimate in Theorem 3.10 is satisfied. Moreover, from Proposition 3.13 one sees that the local moduli space has real dimension 20.
This provides the largest known component of M SE (S 5 ).
Remark 3.17. Notice that if the components of a are pairwise relatively prime, there is no polynomial p to add, so the moduli is a single point. Also if there are two isolated points in the Brieskorn graph and only a quadric can be added, the moduli is a single point.
S 1 -Equivariant Symplectic Homology and Brieskorn Manifolds
In order to distinguish components of M c +,0 (M) we make use of the fact that the + component of S 1 -equivariant symplectic homology of Liouville fillings of Brieskorn manifolds is a contact invariant under some mild and checkable conditions, made precise in Lemma 4.37. Furthermore, the mean Euler characteristic of this homology, defined in (9), is always an invariant of the natural contact structure on a Brieskorn manifold.
4.1. On symplectic fillings. Many contact manifolds arise naturally as the boundary of a symplectic or complex manifold. The notions that are relevant for this paper are the following.
Definition 4.18. Suppose that (M, D) is a compact, coorientable contact manifold. A strong filling or convex filling of (M, D) consists of a symplectic manifold (W, ω) such that
• the boundary of W is diffeomorphic to M • there is a Liouville vector field X (i.e. L X ω = ω) defined in a neighborhood of the boundary which is pointing outward.
• the kernel of the 1-form (i X ω)| M is the contact structure D. We will refer to the boundary of a strong symplectic filling (W, ω) as the contact type boundary.
A Liouville filling of (M, D) is a strong filling of (M, D) for which the Liouville vector field X is globally defined.
These are purely symplectic notions. For fillings related to complex geometry, we first define J-convexity. A holomorphic filling of a compact, coorientable contact manifold (M, D) consists of a compact, complex manifold (W, J) such that
• the boundary of W is diffeomorphic to M.
• the boundary of W is J-convex and D = T M ∩ JT M. A Stein filling of a contact manifold (M, D) is a holomorphic filling of (M, D) that is biholomorphic to a Stein domain.
Note that a Liouville filling for (M, D) is an exact symplectic manifold (W, ω = dλ), where the Liouville 1-form is defined by i X ω =: λ. We will write (W, λ) for such an exact symplectic manifold with contact type boundary and call it a Liouville domain.
We claim that a Stein filling (W, J) is automatically Liouville. To see this, choose a strictly plurisubharmonic function f : W → R such that the boundary of W is a regular level set. We get the 1-form λ = −df •J, and the Kähler form dλ. The vector field X satisfying i X ω = λ is hence Liouville and it is transverse to regular level sets of f . In fact, since a Sasakian structure has an underlying strictly pseudoconvex CR structure, it follows from a theorem of Rossi, cf. Theorem 5.60 of [CE12] , that a contact structure of Sasaki type is holomorphically fillable if the dimension of M is at least 5, and hence, Kähler fillable by Theorem 5.59 of [CE12] . The 3-dimensional case was later also shown to be holomorphically fillable by Marinescu and Yeganefar, [MY07] . Due to results of Bogomolov and de Oliveira, [BdO97] , the 3-dimensional case then turns out to be Stein fillable. We first give a very brief summary of the construction. Equivariant symplectic homology mimics the Borel construction for S 1 and applies it to the Floer homology of a functional on the loop space of a symplectic manifold: in particular, generators of the chain complex are (circles of) critical points, and the differential counts 0-dimensional families of the moduli space of solutions to a PDE describing the "gradient flow". The construction depends on the chosen functional. To remove this dependence, one considers a class of functionals and takes a direct limit over the corresponding homologies.
We now elaborate a bit. To keep things as simple as possible we will outline the construction for a Liouville domain (W, λ) satisfying the following condition Define the complete Liouville manifoldW by attaching the positive end of a symplectization,
where r is the coordinate in [1, ∞[. Call the extended Liouville form λ. Introduce a free circle action on S 1 ×W × S 2N +1 given by
Choose a function H :
• H is invariant under the circle action (7).
•
, for some r 0 ≥ 1. Here S is a positive real number that is not equal to the period of any periodic Reeb orbit of η. We will call H a parametrized time-dependent Hamiltonian. Denote the free loop space ofW by ΛW and define the parametrized action functional by
We describe the "Morse" homology of this action functional using Floer theory following the work of Bourgeois and Oancea. Due to the S 1 -invariance of H and hence A N , critical points always come in an S 1 -orbit. The set of all critical points is given by
Here ∇ z denotes the gradient with respect to an auxiliary S 1 -invariant metric g on S 2N +1 . We choose additional auxiliary data, namely a family of almost complex structures J :
• J(·, x, ·) is a compatible complex structure for (T xW , d xλ ).
• for r 0 sufficiently large
This gives rise to a family of Riemannian metrics G t,z (x)(v, w) = ω(v, J(t, x, z)w) onW , which in turn yields a family of L 2 -metrics. The formal negative L 2 -gradient flow of A N motivates the parametrized Floer equations. To define these, we give the cylinder Z = R × S 1 coordinates s, t, where S 1 = R/Z. The parametrized Floer equations are thenū
where S ± are S 1 -orbits of critical points of A N . We will denote the moduli space of parametrized Floer trajectories by Here µ(S) denotes the parametrized Robbin-Salamon index of S, which is explained below in Section 4.2.2. 4.2.1. Capping disks and trivializations. We will now associate a graded abelian group of rank 1, so a group isomorphic to Z, with each S 1 -orbit of critical points. To do so, note that given an S 1 -orbit of critical points, say S = S 1 · (x S , z S ), we obtain an S 1 -family of solutions to the parametrized Floer equations, generated by
Linearize the parametrized Floer equations along this circle of solutions to obtain an S 1 -family of Fredholm operators, namely for θ ∈ S 1 ,
An expression for this family of operators and a proof that this family consists of Fredholm operators is given in [BO10] .
For each circle of critical points, S = S 1 · (x S , z S ), choose
, i.e. curves connecting a constant loop {x 0 } × {z 0 } ∈ ΛW × S 2N +1 to the loop θ · (x S , z S );
With respect to these trivializations we get an S 1 -family of operators
4.2.2. Graded abelian groups. We associate a determinant line bundle with this family of operators by
S . This is a real line bundle over the circle S.
Lemma 4.24. Suppose that S is an S 1 -orbit in P. Then the determinant bundle Det D S → S is a trivial line bundle.
By the lemma, the determinant bundle is trivial along any S 1 -orbit S in P(H). We have hence two orientations, i.e. homotopy classes of non-vanishing sections, which we call δ + S and δ − S . Define the orientation line of S as the free abelian group of rank 1, given by
We now come to the grading. To define the parametrized RobbinSalamon index µ(S) of the S 1 -orbit S 1 · (x S , z S ), consider the extended HamiltonianH :
, dz ∧ dp) → R, defined bỹ H(t, x; z, p) = H(t, x, z). By the assumption that (x S , z S ) is a critical point, the map
gives a 1-periodic orbit ofH. The index µ(S) is then defined as the usual Robbin-Salamon index of the 1-periodic orbitx with respect to the symplectic trivialization induced by ǫ S,W and ǫ S,S 2N+1 .
We will grade the orientation line o S by −µ(S) + N. The choice of the shift by N is used in Theorem 4.28. We now define the Floer chain complex as the graded Z-module freely generated by the orientation lines of P(H), SC
Given a regular parametrized Floer trajectory u ∈ M(S + , S − ; H, J, g) of index 1, we construct an isomorphism map ∂ u : o S + −→ o S − by a gluing construction, see Lemma 1.5.4 from [Abo13] .
Lemma 4.25. Suppose that u ∈ M(S + , S − ; H, J, g) is regular of index 1. Then ∂ u is an isomorphism.
We define the restriction of the differential of the equivariant Floer complex to an orientation line by
[u]∈M S 1 (S + ,S − ;H,J,g)
Remark 4.26. By choosing coherent (i.e. gluing compatible) orientations one can identify each orientation line with Z. The isomorphisms ∂ u then simply map 1 → ǫ(u) · 1, where the sign ǫ(u) is determined by comparing the generator of the S 1 -action, which lies in the kernel of D u , with the coherent orientation on the moduli space.
We have the following [BO13, Proposition 4.5]
Proposition 4.27. The map
Equivariant Floer homology is then defined as
This homology group depends on the choice of Hamiltonian and on N. To remove this dependence one has the following theorem, [BO13, Lemma 5.6].
Theorem 4.28. Assume that the slope of H 2 is greater than or equal to that of H 1 , and assume that N 2 ≥ N 1 . Then there are chain maps
We will refer to these chain maps as continuation maps: they are defined by counting rigid parametrized Floer trajectories under an increasing homotopy of Hamiltonians. Equivariant symplectic homology is then defined as
This homology no longer depends on the choice of complex structure and Hamiltonian. From now on, we suppress the (W, H, J, g)-dependence in the notation of the chain complexes to shorten notation. We now explain that equivariant symplectic homology comes equipped with a tautological exact sequence. To define this, fix ǫ > 0 small, and choose a parametrized Hamiltonian with the following properties:
• H(t, ·, z) has C 2 -norm less than ǫ on W for every (t, z) ∈ S 1 × S 2N +1 .
• H is positive on the whole cylindrical end
• H has slope S on the cylindrical end
, for some r 0 ≥ 1. One chooses ǫ so small such that all critical points of A N with action less than ǫ are fixed points. Since the differential ∂ S 1 : SC
is action decreasing, we obtain a subcomplex,
Denote the quotient complex by SC +,S 1 ,N = SC S 1 ,N /SC −,S 1 ,N , so we have a short exact sequence of chain complexes,
If we denote the associated homologies by SH, we get a long exact sequence in homology,
Now take the direct limit over the slopes and over the inclusion S 2N +1 → S 2N ′ +1 to obtain SH −,S 1 (W ) and SH +,S 1 (W ). These homology groups do not longer depend on the the choice of complex structure and Hamiltonian. The above tautological exact sequence then becomes the socalled Viterbo sequence Theorem 4.30. There is an isomorphism
Remark 4.31. Morally we may think of SC +,S 1 ,N as being generated by 1-periodic orbits that are not fixed points, and by a judicious choice of Hamiltonians we can think of SH +,S 1 as being generated by periodic Reeb orbits on the boundary. This picture is complicated by the fact that the differential counts Floer trajectories which may go through the filling. The interpretation in terms of the Reeb flow can be made more precise with the Morse-Bott spectral sequence, see Theorem 4.35 for a formulation in a special case.
Concerning the symplectic invariance of equivariant symplectic homology, the following theorem, see [Gut15] , will be relevant. 
if this number exists. This is the case if there is uniform bound on the Betti numbers sb i .
4.4.
Autonomous Hamiltonians, spectral sequence and contact invariants. To compute equivariant symplectic homology in practice it is useful to work with autonomous Hamiltonians. The 1-periodic orbits of such an autonomous Hamiltonian are typically degenerate, so not admissible. We will consider an autonomous Hamiltonian with the following type of degeneracy.
Definition 4.33. We say that the 1-periodic orbits of an autonomous Hamiltonian H are of Morse-Bott type if • the critical set or critical manifold C = {x ∈ W | F l X H 1 (x) = x} forms a (possibly disconnected) compact submanifold of W without boundary; here F l X t denotes the time-t flow of a vector field X.
• the restriction of the linearized return map to the normal bundle of each connected component Σ of C is non-degenerate, i.e. the linear map
Now consider an autonomous Hamiltonian H that only depends on the interval coordinate on the symplectization end, i.e.
so 1-periodic orbits of X H correspond to Reeb orbits of η := λ| ∂W with period h ′ (r) (note that the r-coordinate is preserved under the flow of X H ). Suppose furthermore that Σ is a Morse-Bott manifold consisting of 1-periodic orbits of X H . In the contact manifold (∂W, λ| ∂W ) this Morse-Bott manifold Σ corresponds to a Morse-Bott manifold of h ′ (r)-periodic Reeb orbits. Remark 4.34. This index is independent of the choice of x in Σ. Moreover, it does not depend on the choice of the trivialization and the capping disk due to our assumption that c 1 (T W ) = 0.
Define the shift of Σ as
where µ RS (Σ) is the Robbin-Salamon index of the Reeb flow.
4.4.1. Periodic flow. Suppose now that (M, η) is a quasi-regular contact manifold with a convenient filling W , and denote the periods of the Reeb flow by T 1 < . . . < T k , where T k is the period of a principal orbit.
Since the action spectrum has the form T 1 N ∪ . . . ∪ T k N, we can find a ∈ R + such that each interval [pa, (p + 1)a] contains at most one critical value of A for every p ∈ N. Furthermore, we can assume that this critical value is an interior point of [pa, (p + 1)a]. Denote the set of critical manifolds with critical value in the interval [pa, (p + 1)a] by C(p).
A Morse-Bott spectral sequence computing equivariant symplectic homology with more general, but more technical assumptions was proved in Appendix B of [KvK13] . The following, simplified version suffices for this paper. • T W is trivial as a symplectic vector bundle.
• The Reeb flow of ∂W is periodic with minimal periods T 1 , . . . , T k , where T k is the common period, i.e. the period of a principal orbit.
• There is a compatible complex structure on the contact manifold (∂W, λ ∂W ) such that the linearized Reeb flow is complex linear.
Then there is also a spectral sequence converging to SH +,S 1 (W ; Q). Its E 1 -page is given by
Remark 4.36. The first condition allows for a simple construction of the local coefficient system, and the third condition ensures that the local coefficient system is trivial. Note that the natural filling of a Brieskorn manifold by its smoothed singularity satisfies all of the assumptions.
Lemma 4.37 (Equivariant symplectic homology as a contact invariant). Assume that (M, η) is a simply-connected quasi-regular contact manifold admitting a convenient filling (W, λ). Suppose furthermore that the spectral sequence (10) is lacunary, meaning that
• for all i > 0 and all p, q ∈ Z, the following holds. If E 
Here ρ is a cut-off function that vanishes on a neighborhood of M ×{r 0 } and is equal to 1 on the set M × [r 1 , ∞[. This form λ ′ extends to a globally defined Liouville form onW .
By Theorem 4.32, different choices of Liouville forms yield isomorphic homologies. With respect to the new Liouville form, the E 1 -page of the Morse-Bott spectral sequence (10) computing SH +,S 1 (W ) is isomorphic to the E 1 -page of the spectral sequence computing SH +,S 1 (W ). The lacunarity assumption of the lemma then tells us that the spectral sequence abuts in both cases at the E 1 -page. Hence
4.5. Explicit formulae for the mean Euler characteristic. In this section we follow [KvK13, Proposition 5.20] to get an explicit formula for the mean Euler characteristic (mec). Suppose that (M, η) is a quasiregular contact manifold, and denote the periods of the Reeb flow by T 1 < . . . < T k , where T k is the period of a principal orbit. Define the function (11)
We use the convention that φ T k ;∅ = 1. For T = T 1 , . . . , T k , define
The equivariant Euler characteristic, i.e. the Euler characteristic of the S 1 -equivariant homology H S 1 (Σ; Q), will be denoted by χ S 1 (Σ). This equivariant Euler characteristic equals the Euler characteristic of the quotient if the circle action has no fixed points, which is the case here.
Proposition 4.38. Let (M, η) be a simply-connected quasi-regular contact manifold admitting a convenient filling (W, dλ). Suppose furthermore that the following conditions hold.
• The restriction of the tangent bundle to the symplectization of M, T (R × M)| M , is trivial as a symplectic vector bundle.
• There is a compatible complex structure on the contact manifold M such that the linearized Reeb flow is complex linear.
Let µ P := µ(M) denote the Maslov index of a principal orbit of the Reeb action. If µ P = 0 then the following hold.
• The contact manifold (M, η) is index-positive if µ P > 0 and index-negative if µ P < 0.
• The mean Euler characteristic is an invariant of the contact structure and satisfies the following formula,
4.5.1. Index formulae. We follow the notation from [KvK13] . Suppose that 2π · T is the minimal period of a periodic Reeb orbit in the Brieskorn manifold L(a 0 , . . . , a n ). Write I = {0, 1, . . . , n} and I T = {j ∈ I | a j divides T }. We obtain an entire Brieskorn submanifold K(I T ) := L({a j } j∈I T ) consisting of periodic orbits, which forms a Morse-Bott submanifold. Then the Robbin-Salamon index of an N-fold cover is given by the following formula
provided that a j does not divide NT for j ∈ I − I T . If the latter happens, the N-fold cover is part of a larger Morse-Bott submanifold of periodic orbits.
A principal orbit has period equal to 2π · lcm i a i , so we see that the index of a principal orbit is given by (14) µ P = 2lcm j∈I a j n j=0 1 a j − 1 .
Remark 4.39. We note that (14) is twice the Fano index as defined in Definition 4.4.24 of [BG08] . See also the proof of Theorem 11.7.8 in [BG08] . A positive Maslov index of a principal orbit is hence equivalent to the quotient orbifold being log Fano.
Some formulae for the mean Euler characteristic for BP links
Note that all conditions hold for Brieskorn manifolds of dimension 5 or greater. We work out all necessary ingredients. The Maslov index of a principal orbit was already given in formula (14). For each orbit space Σ T the Euler characteristic χ S 1 (Σ T ) can be computed by combining formula (3.4) and Theorem 3.10 from [KvK13] . We have (15) rank H n−2 (L(a 0 , . . . , a n ); Q) =
It⊂Is
(−1) s−t i∈It a i lcm j∈It a j .
Here I s = {0, 1, . . . , n} and I t denotes a subset with t elements.
5.0.2. A detailed example. We work out one example in detail, and refer for the rest to the tables below. Consider L(2, 3, 4, 4 + 12k). The period of a principal orbit is T = lcm(2, 3, 4, 4 + 12k) = 3 · (4 + 12k). By formulae of Milnor-Orlik [MO70] and Randell [Ran75] we find that χ S 1 (L(2, 3, 4, 4 + 12k) ) = χ(L(2, 3, 4, 4 + 12k)/S 1 ) = 3. Note that this is also obvious from the rational Gysin sequence and the fact that L(2, 3, 4, 4 + 12k) is a rational homology sphere.
The exceptional orbits have periods dividing 3 · (4 + 12k). These periods are 12 for L(2, 3, 4), 6 for L(2, 3) and 4 for L(2, 4). We can again use Milnor-Orlik to find the relevant Euler characteristics, but may also observe that L(2, 3, 4) is log Fano and hence the quotient must be homeomorphic to S 2 , which has χ = 2. The Brieskorn manifolds L(2, 3) is the 2, 3-torus knot, so χ = 1 and L(2, 4) is a torus link with two components.
We now compute the values of the φ-function, defined in (11). The first one equals by definition φ 3·(4+12k);∅ = 1. We work backwards to get the others φ 12;3·(4+12k) = 3 · (4 + 12k)/12 − 1 = 1 + 3k − 1 = 3k. φ 6;12,3·(4+12k) = 3 · (4 + 12k)/6 − 1 − 3k = 2 + 6k − 1 − 3k = 1 + 3k. − 1) = 6 + 8k.
We collect the above data in a table.
Orbit space period
Combine this with the proposition and we find χ m = 6k · 2 + (1 + 3k) · 1 + 3k · 2 + 1 · 3 6 + 8k = 4 + 21k 6 + 8k .
Note that the above computation does not apply to the case k = 0. In the latter case, there are only three orbits spaces, namely L(2, 3, 4, 4), L(2, 3) and L(2, 4). The formula for the mean Euler characteristic is still correct though. The others follow the same procedure. In Sections 6.1-3 below we make use of the classification of positive BP links in dimension 5 given in Tables B.4 of [BG08] .
5.1. Positive BP links diffeomorphic to S 5 . All positive BP links on S 5 were given in Table B .4.3 of [BG08] . As mentioned in the Introduction, it was already known from [Ust99, KvK13, Gut15] that |π 0 (M c +,0 (S 5 ))| = ℵ 0 , so here we are content to illustrate one infinite series where the mean Euler characteristic is given. The notational convention employed here as well as in the next section is to present a column of three entries, the first of which gives the manifold, the second the Brieskorn link, and third the mean Euler characteristic. We have Notice that it follows from Theorem 3.12 that L(2, 3, 5, 1 + 30k) cannot admit an SE metric when k > 1. For k = 1 it is unknown whether it has an SE metric. 4M 2 L(2, 3, 5, 15 + 30k) 3 + 18k 6 + 4k It follows that these rational homology spheres have a countable infinity of inequivalent contact structures of positive Sasaki type. This proves Theorem 1.2 of the Introduction. Note that if k > 1 Theorem 3.12 says that these links cannot admit an SE metric. It is unknown when k = 1. Nevertheless, all of the above rational homology spheres with the exception of 4M 2 are known to admit SE metrics [BG08] . Whether 4M 2 admits an SE metric has so far proven to be quite elusive.
5.3. Positive BP links on the connected sums k(S 2 ×S 3 ). Brieskorn manifolds diffeomorphic to (n−1)S 2 ×S 3 are given by the link L(2, 2, p, q) with n = gcd(p, q). Here n = 1 means S 5 . These generally do not admit SE metrics, however.
Thus, for each n > 1 the 5-manifolds (n − 1)(S 2 × S 3 ) have a countably infinite number of inequivalent contact structures. This proves Theorem 1.1 of the Introduction.
Concerning SE metrics, it is known [BG08] that there are infinitely many Sasaki-Seifert structures admitting SE metrics on the manifolds k(S 2 × S 3 ) for k > 2. However, these do not occur on Brieskorn manifolds. These are not true lower bounds since we have not accounted for the SE metrics on the homotopy sphere S 7 in [GK07] . However, for these metrics the diffeomorphism type has not been determined. 5.5. Homotopy 9-Spheres with Sasaki-Einstein Metrics. For homotopy spheres of dimension 9 that admit an SE metric, we present an Excel table that can be found in http://www.math.snu.ac.kr/~okoert/tools/BP9_list984.x One can use this table and the invariance of the mean Euler characteristic to distinguish the contact structures. The column labelled sig indicates which homotopy 9 in bP 10 , 1 indicates the standard sphere, and 3 the exotic Kervaire sphere. This proves Theorem 1.5. 5.6. Higher dimensional Diffeomorphism Types. Next we consider links studied in [BG06] and discussed in Section 9.5.2 of [BG08] . These do not admit SE metrics, but they are probably easier to work with. First we treat dimension 1 mod 4. The first case is
Homotopy 7-Spheres
The link L(8l, 2, . . . , 2) has diffeomorphism type S 2n × S 2n+1 . Next we have the link L(8l + 4, 2, . . . , 2) with
where Σ 4n+1 is a generator of the group bP 4n+2 . Note that bP 4n+2 ≈ Z 2 when n = 2 i − 1 for some i = 1, 2, . . ., so Σ 4n+1 is exotic is in this case. The last case of this type is L(4l + 2, 2, . . . , 2) given by the polynomial
Here the diffeomorphism type is the unit tangent sphere bundle T of S 2n+1 . There are relations such as T #Σ 4n+1 is diffeomorphic to T , and we can consider more general connected sums; however, it is often difficult to determine the precise diffeomorphism type.
Proposition 5.43. There are a countably infinite number of inequivalent contact structures of Sasaki type on the manifolds S 2n ×S 2n+1 , S 2n × S 2n+1 #Σ 4n+1 and T , where Σ 4n+1 is a generator of the group bP 4n+2 .
Proof. We distinguish the contact structures in the three cases by using the formula for the mean Euler characteristic given in Appendix A of [KvK13] .
Proposition 5.43 proves Theorem 1.3 of the Introduction.
Remark 5.44. Since these Brieskorn manifolds have a Sasaki automorphism group which contains SO(2n + 1) owing to the 2n + 1 terms with exponent equal to 2, they have a Sasaki cone of dimension n + 1. One can then ask whether there is a deformation in the Sasaki cone to a Sasaki-Einstein metric? The answer is no due to the work of Martelli, Sparks, Yau [MSY08] and He [He14] . where a is relatively prime to the c i 's. By the proof of Theorem 11.5.5 from [BG08] these manifolds carry Sasaki-Einstein metrics.
To compute the mean Euler characteristic, we need to identify the orbit spaces of the Reeb action.
• The principal orbits are the full space L(2, 2c 0 , . . . , 2c n , a).
• The strata of exceptional orbits of dimension 2k + 1 (so of codimension 2n − 2k + 2) are formed by the Brieskorn submanifolds L(2, 2c i 0 , . . . , 2c i k ) and L(2, 2c i 0 , . . . , 2c i k−1 , a).
In the following lemma we compute the equivariant Euler characteristics of Brieskorn submanifolds.
Lemma 6.45. If n is odd, then L 2n+3 (a) is homeomorphic to S 2n+3 . Furthermore, if i 0 < . . . < i k , then the Brieskorn submanifolds L(2, 2c i 0 , . . . , 2c i k ) and L(2, 2c i 0 , . . . , 2c i k , a) satisfy (17) χ S 1 (L(2, 2c i 0 , . . . , 2c i k ) ) = k + 2 + 1 2 (1 − (−1) k+1 ) (18) χ S 1 (L(2, 2c i 0 , . . . , 2c i k , a) ) = k + 3.
In particular, the equivariant Euler characteristics are independent of a provided a satisfies the relatively prime condition.
Proof. The first claim follows from the Brieskorn graph theorem, see Theorem 9.3.18 ii) from [BG08] . Just note that a is an isolated point and that there is an odd number of vertices {2, 2c 0 , . . . , 2c n } with pairwise gcd equal to 2. Formula (18) is also proved with the Brieskorn graph theorem, namely Theorem 9.3.18 i) from [BG08] tells us that L(2, {2c i j } j , a) is a rational homology sphere since the vertex {a} is an isolated point. The claim about the Euler characteristic then follows from Lemma 4.5 in [FSvK12] .
To prove formula (17), we use a formula from Milnor-Orlik [MO70] (cf. Corollary 9.3.13 of [BG08] ). We compute κ = rank H k (L(2, 2c i Combine this with Theorem 1 from [Ran75] to obtain formula (17).
To finish the computation of the numerator of Formula (12), we determine the φ-functions, (11), by downward induction. The principal orbits L(2, 2c 0 , . . . , 2c n , a) occur once. The exceptional orbits L(2, 2c i 0 , . . . , 2c i k ) occur By Lemma 6.45 we see that coefficient of (a − 1) is positive, and the second term is independent of a, so this function is a linearly increasing in a. Furthermore, from Formula (14) we see that the function a → 1/µ P (a) is strictly increasing as long as a is relatively prime to the c i 's and the log Fano condition µ P > 0 holds. It follows that the function a → χ m (a) is an injective function of a. The proof of Theorem 11.5.5 from [BG08] hence implies Proposition 6.46. The contact manifolds (L 2n+3 (a), D a ) are pairwise non-isomorphic (as contact manifolds). In particular, for n = 3, 5, 7, . . . the number of components of the moduli space of SasakiEinstein metrics on either S 2n+3 or the Kervaire sphere Σ 2n+3 is growing doubly exponentially with n.
